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See also: Cartesian coordinates Our Page about Cartesian coordinates introduces the simplest type of coordinate system, where the reference axes are orthogonal (at right angles) to each other. In most everyday applications, such as drawing a graph or reading a map, you would use the principles of Cartesian coordinate systems. In these situations, the
exact, unique position of each data point or map reference is defined by a pair of coordinates (x,y) (or (x,y,z) in three dimensions). The coordinates are the address of the point, its location in relation to a known position called origin, in a two-dimensional or three-dimensional grid on a flat surface or rectangular 3D space. However, some applications involve
curved lines, surfaces and spaces. Here, Cartesian coordinates are difficult to use and it becomes necessary to use a system derived from circular forms, such as polar, spherical or cylindrical coordinate systems. Why are polar, spherical and cylindrical coordinates important? In everyday situations, it is more likely that you will encounter Cartesian coordinate
systems than polar, spherical or cylindrical. However, two-dimensional polar coordinates and their three-dimensional relatives are used in a wide range of applications, from engineering and aviation, to computer animation and architecture. You may need to use polar coordinates in any context where there is circular, spherical or cylindrical symmetry in the
form of a physical object or some kind of circular or orbital (oscillant) motion. what does that mean? Physically curved shapes or structures include discs, cylinders, globes or domes. These could be anything from pressure vessels containing liquefied gases to many examples of dome structures in ancient and modern architectural masterpieces. Physicists
and engineers use polar coordinates when working with a curved trajectory of a moving (dynamic) object, and when this motion is repeated back and forth (oscillation) or round and round (rotation). Examples include orbital motion, such as planets and satellites, an oscillating pendulum or mechanical vibrations. In an electrical context, polar coordinates are
used in the design of applications using alternating current; Audio technicians use them to describe the microphone pickup area; and they are used in the analysis of temperature and magnetic fields. A focus on exploring the most familiar use in a daily context is probably in navigation. Explorers throughout history have relied on an understanding of polar
coordinates. Ships and aircraft navigate using compasses indicating the direction of travel (known as position) in relation to a known direction, which is magnetic north. The position is measured as an angle from the north (0°), clockwise around the compass, so that is 90°, South 180° and West 270°. GPS satellites can indicate the position of a ship with great
precision in today's world, but even now navigators and aviators must principles of classic navigation. In these and many other cases, it is more appropriate to use a distance measurement along a line oriented in a radial direction (with its origin in the centre of the circle, sphere or arc) combined with an angle of rotation, than to use a system of orthogonal
(Cartesian) coordinates. Trigonometry can then be used to convert between the two types of coordinate system. For more information about this and the theory behind it, take a look at our pages about curved shapes, three-dimensional shapes and trigonometry. Polar coordinates In mathematical applications where polar coordinates are required to be used,
any point on the plane is determined by the radial distance \(r\) from the origin (centre of curvature or a known position) and by a theta angle \(\theta\) (measured in radians). The \(\theta\) angle is always measured from the \(x\)-to the radial line from origin to point (see chart). In the same way that a point in the Cartesian coordinates is defined by a pair of
coordinates (\(x,y\)), in radial coordinates is defined by the pair (\(r, \theta\)). Using Pythagoras and trigonometry, we can convert between Cartesian and polar coordinates: $$r^2=x^2+y^2 \quad \text{and} \quad \tan\theta=\frac{y}{{x}$And back again: $$x=r\cos\theta \quad \text{and} \quad y=r\sin\theta$$ Spherical and cylindrical coordinate systems These
systems are three-dimensional relatives of the two-dimensional polar coordinate system. Cylindrical coordinates are simpler to understand than spherical and are similar to the three-dimensional Cartesian system (x,y,z). In this case, the x-y orthogonal plane is replaced by the polar plane, and the vertical axis z remains the same (see diagram). The
conversion between cylindrical and Cartesian systems is the same as for the polar system, with the addition of the z coordinate, which is the same for both: $$r^2=x^2+y^2,\quad \tan\theta=\frac{y}{x}\quad \text{and} \quad z=z$$$$x=r\cos\theta,\quad y=r\sin\theta\quad \text{and} \z=z$ Areas in the cylindrical system : , you have a flat circular plane. If you
make \(\theta\) a constant, you have a vertical plane. If you make \(r\) constant, you have a cylindrical surface. The spherical coordinate system is more complex. It is very unlikely that you will encounter in everyday situations. It is mainly used in complex applications of science and engineering. For example, electric and gravitational fields have spherical
symmetry. Spherical coordinates define the position of a point with three coordinates rho (\(\rho\)), theta (\(\theta\)) and phi (\(\phi\)). \(\rho\) is the distance from the origin (similar to \(r\) in polar coordinates), \(\theta\) is the same as the angle in the polar coordinates and \(\phi\) is the angle between the \(z\) axis and the line from origin to point. Like the
conversion between Cartesian and polar coordinates or it is possible to between Cartesian and spherical coordinates: $$x = \rho\sin\phi\cos\theta,\quad y=\rho\sin\phi\sin\sin\theta\quad\text{and}\quad z=\rho\cos\phi$$ $$p^2=x^2+y^22+z^2,\quad\tan\theta =\frac{y}{x}\quad\text{and}\quad\tan\phi=\frac{\sqrt{x^2+y^2}}{z}$$ Areas in a spherical system: If you
make \(\rho\) a constant You have a sphere. If you make \(\theta\) a constant, you have a vertical plane. If you make \(\phi\) a constant, you have a horizontal plane (or cone). Latitude and longitude, maps and navigation The most well-known application of spherical coordinates is the latitude and longitude system that divides the Earth's surface into a grid for
navigational purposes. Distances between lines on the network are measured not in miles or kilometers, but in degrees and minutes. The latitude lines are horizontal slices through the globe. The equator slice is at 0° latitude and the poles are at ±90°. These lines are called parallels. Longitude lines are like the feathers of an orange, measured radially from a
vertical line of symmetry that binds the poles. These lines are called meridians. The 0° longitude reference line is known as the Greenwich Meridian, which runs through the Royal Observatory in Greenwich, London. However, in order to use this 3D navigation system, the curved grid must be transferred to flat diagrams (maps of the coasts and ocean floor for
seafarers) using a projection. In this way, diagrams can be used as conventional maps with an orthogonal grid system, and the rules of Cartesian coordinates can be applied. First imagine wrapping a piece of paper around a globe, making a cylinder. The image on the chart is projected from the three-dimensional sphere to the two-dimensional sheet of
paper. This is a specific method used by cartographers called the Mercator Projection. Gridlines on a nautical chart are still in degrees and minutes, and distances are measured in nautical miles. A nautical mile is just like a minute's latitude. Conclusion It is unlikely that you will need to use polar or spherical coordinates, unless you are working in a role that
specifically requires, but it is useful to be aware of what they are and how they are used. It is also fascinating to understand a map of a 3D form such as the globe can be translated into flat charts that have allowed seafarers to travel the globe for hundreds of years. We have seen that sometimes double integrals are simplified by their realization in polar
coordinates; not surprisingly, triple integrals are sometimes simpler in cylindrical coordinates or spherical coordinates. To configure integrals in polar coordinates, we had to understand the shape and area of a typical small region in which the integration region was divided. We have to do the same here for three-dimensional regions. The cylindrical coordinate
system is the simplest because just the polar coordinate system, plus a $$z coordinates. A typical small volume unit is the shape of the 15.2.1 fattened in the direction $z$, so that its volume is $r\Delta r\Delta \theta\Delta z$, or in the limit, $r\,dr\,d\theta\,dz$. Example 15.6.1 Find the volume below $z=\sqrt{4-r^2}$ above the quarter circle inside the
$x^2+y^2=4$ in the first quadrant. We could do this, of course, with a double integral, but we will use a triple integral: $$\int_0^{\pi/2}\int_0^2\int_0^{\sqrt{4-r^2}} r\,dz\,dr\,d\theta= \int_0^\pi/2}\int_0^2 \sqrt{4-r^2}\; r\,dr\,d\theta= {4\pi\over3}.$$$Compare this with example 15.2.1. Example 15.6.2 An object occupies the space inside both the cylinder
$x^2+y^2=$1 and the sphere $x^2+y^2+z^2=4$, and has a density of $$x^2 to $(x,y,z)$. Find the total mass. We've established this in cylindrical coordinates, Recalling that $x=r\cos\theta$: $$\eqalign{ \int_0^{2\pi}\int_0^1\int_{-\sqrt{4-r^2}}{\sqrt {4-r^2}} r^3\cos^2(\theta)\,dz\,dr\,d\theta &amp;=int_0^{2\pi}\int_0^1 2\sqrt{4-r^2}\;r^3\cos^2(\theta)\,dr\,d\theta\cr
&amp;=\int_0^{2\pi} \left({128\over15}-{22\over5}\sqrt3\right)\cos^2(\theta)\,d\theta\cr &amp;=\left({128\over15}-{22\over5}\sqrt3\r)\pi\cr }$$ Spherical coordinates are a little harder to understand. The small volume we want will be defined by $\Delta\rho$, $\Delta\phi$, and $\Delta\theta$, as illustrated in Figure 15.6.1. The small volume is almost box-shaped,
with 4 flat sides and two sides made up of bits of concentric spheres. When $\Delta\rho$, $\Delta\phi$, and $\Delta\theta$ are all very small, the volume of this small region will be close to the volume we get by treating it like a box. A box size is simply $\Delta\rho$, changing the distance from the origin. The other two dimensions are the lengths of small
circular arcs, so they are $r\Delta\alpha$ for some suitable $r$ and $\alpha$, as with the polar coordinates. Figure 15.6.1. A small volume unit for spherical coordinates. The simplest of these is the arc corresponding to a change in $\phi$, which is almost identical to the drift for the polar coordinates, as shown in the left chart in Figure 15.6.2. In this graph we
are looking face on'' at the side of the box we are interested, so the small angle imagined is exactly $\Delta\phi$, the vertical axis is really $z $ axis, but the horizontal axis is not a real axis- it's just a line in $x $$-$y plane. Because the other arc is governed by $\theta$, we have to imagine looking straight down the axis $z$, so the apparent angle we see is
$\Delta\theta$. In this view, the axes are really $x $ and $$y axes. In this graph, the apparent distance from the origin is not $\rho$ but $\rho\sin\phi$, as shown in the chart on the left. Figure 15.6.2. Configure integration in spherical coordinates. The result is that the small box volume is approximately $\Delta\rho(\rho\Delta\phi)(\rho\sin\phi\Delta\theta)
=\rho^2\sin\phi\Delta\rho\Delta\phi\Delta\theta$, or in $\rho^2\sin\phi\,d\rho\,d\phi\,d\theta$. Example 15.6.3 Assume that the temperature at $(x,y,z)$ is is Find the average temperature in the home-centered unit sphere. In two dimensions we add the temperature to the point each and divide to the surface; here we gather temperatures and divide by volume,
$(4/3)\pi$: $${3\over4\pi}\int_{-1}^1\int_{-\sqrt{1-x^2}}{\sqrt{1-x^2}} \int_{-\sqrt{1-x^2}} \int_{-\sqrt{1-x^2}}\sqrt{1-x^2}} \int_{-\sqrt{1-x^2}} \int_{-\sqrt{1-x^2}}\sqrt{1-x^2}} \int_ int_{-\sqrt{1-x^2}}\sqrt{1-x^2}} \int_{-\sqrt{1-x^2}}\sqrt &lt;7&gt;{-\\\sqrt{1-x^2-y^2}}{\sqrt{1-x^2-y^2}} {1\over1+x^2+y^2+z^2}\,dz\,dy\,dx $$ This looks pretty messy; since everything in the
matter is closely related to a sphere, we will convert to spherical coordinates. $${3\over4\pi}\int_0^{2\pi}\int_0^\pi \int_0^1 {1\over1+\rho^2}\,\rho^2\sin\phi\,d\rho\,d\phi\,d\theta ={3\over4\pi}(4\pi -\pi^2)=3-{3\pi\.... $$ Exercises 15.6 Ex 15.6.1 Rating $\ds\int_{0}^{1}\int_{0}^{x}\int_{0}^{\sqrt{x^2+y^2}} {(x^2+y^2)^{3/2}\over x^2+y^2+z^2}\,dz\,dy\,dx$. (response) Ex
15.6.2 Rating $\ds\int_{-1}^{1}\int_{0}^{\sqrt{1-x^2}} \int_{\sqrt{x^02+y^2}}{\sqrt{2-x^2^2}}\sqrt{x^2+y^2+2}\,d\,dy\,dx$. (response) Ex 15.6.3 Evaluate $\ds\int\int\int\int x^2\,dV$ over the inside of the cylinder $x^2+y^2=$1 between $z=0$ and $z=5$. (response) Ex 15.6.4 Evaluate $\ds\int\int\int\int xy\,dV$ over the inside of the cylinder $x^2+y^2=$1 between
$$z=0 and $z=$5. (response) Ex 15.6.5 Evaluate $\ds\int\int\int\int\,dV$ over the region above the plane $x$$y$, inside the $x^2+y^2-2x=0$, and below $x^2+y^2+z^2=4$. (response) Ex 15.6.6 Evaluate $\ds\int\int\int\int yz\,dV$ over region in first octant, inside $x^2+y^2-2x=0$ and below $x^2+y^2+z^2=4$. (response) Ex 15.6.7 Evaluate $\ds\int\int\int\int
x^2+y^2\,dV$ over the $x^2+y^2+z^2=4$. (response) Ex 15.6.8 Evaluate $\ds\int\int\int\int \sqrt{x^2+y^2}\,dV$ over the inside $x^2+y^2+z^2=4$. (response) Ex 15.6.9 Calculate $\ds\int\int\int\int\int x+y+z\,dV$ over the region inside $x^2+y^2+z^2 = $1 in the first octant. (response) Ex 15.6.10 Find the mass of a straight circular cone of $h height and the base
radius $a$ if the density is proportional to the distance from the base. (response) Ex 15.6.11 Find the mass of a straight circular cone of height $h $ and the base radius $a $ if the density is proportional to the distance from its axis of symmetry. (response) Ex 15.6.12 An object occupies the region inside the original unit sphere and has a density equal to the
distance from the axis $x$. Find the table. (response) Ex 15.6.13 An object occupies the region inside the sphere of the original unit and has a density equal to the square of the distance from the origin. Find the table. (response) Ex 15.6.14 An object occupies the region between the sphere of the original unit and a radius sphere 2 with the centre at origin and
has a density equal to the distance from the origin. Find the table. (response) Ex 15.6.15 An object occupies the region in the first octant bounded by $\phi cones = \pi/4$and $\phi = \arctan 2$, and the $\rho sphere = \sqrt{6}$, and has a proportional density distance from the origin. Find the table. (response) (response) (response)
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